Abstract. In this paper, we develop differential twisted K-theory and define a twisted Chern character on twisted K-theory which depends on a choice of connection and curving on the twisting gerbe. We also establish the general Riemann-Roch theorem in twisted K-theory and find some applications in the study of twisted K-theory of compact simple Lie groups.
Introduction
Generalized differential cohomology theories have recently excited considerable interest. For example, Cheeger-Simons differential characters play a role in index theory. In [27] , Lott developed R/Z-valued index theory for Dirac operators coupled to virtual complex vector bundles with trivial Chern character, extending Atiyah-Patodi-Singer's reduced eta-invariants for flat vector bundles. The resulting K-theory is called K-theory with R/Z coefficients. It is related to what is now called 'differential K-theory' as proposed by Freed [20] , Hopkins and Singer [24] , and further developed in [12] . Our aim here is to extend some of these ideas to create twisted differential K-theory.
Henceforth X will always denote a smooth manifold, H an infinite dimensional separable complex Hilbert space and PU(H) the projective unitary group of H. The term 'twist' in twisted K-theory K ev/odd (X, σ) of X refers to a continuous map σ : X → K(Z, 3) which necessarily determines a principal PU(H)-bundle P σ over X.
We have been motivated to write this paper by some questions from physics. The reader unfamiliar with the language can pass on to the next paragraph. K-theory has previously been used to study anomaly cancellation problems for action principles in the presence of D-branes in string theory and M-theory. For Type II superstring theory with nontrivial B-field on X, it is believed that Ramond-Ramond charges lie in twisted K-theory K ev/odd (X, σ) of X (Cf. [39] [40] ) with the twist, as above, given by σ : X → K(Z, 3). The cohomology classes of Ramond-Ramond charges are twisted cohomology classes.
To describe this twisted cohomology we start with a closed differential form H representing the image of [σ] under the map H 3 (X, Z) → H 3 (X, R). We then need some additional concepts, reviewed in Section 2, beginning with the canonical 'lifting bundle gerbe' G σ over X determined by P σ . It may be equipped with a gerbe connection θ and curving ω. Then H is in fact the normalized curvature of the tripleσ = (G σ , θ, ω). Next, twisted cohomology H ev/odd (X, d − H) is the cohomology of the complex of differential forms on X with the coboundary operator given by d − H. It is known (Cf. [4] , [7] , [28] ) that the twisted Chern character
depends on a choice of a gerbe connection and a curving on the underlying gerbe G σ . In many applications, the twisted Chern character is trivial due to the fact that the twisted K-groups are torsion. This means that the corresponding twisted cohomology H * (X, d − H) is zero in these examples. In order to study torsion elements in twisted Ktheory, we give a geometric construction of a 'differential twisted K-theory with twisting given byσ'. That is, we replace ordinary twisted K-theory by a more refined cohomology theory that depends not only on the twist σ but also on the gerbe connection and curving. More specifically, in Section 3, we will construct our differential twisted K-theory, denoteď K ev/odd (X,σ) and a differential twisted Chern character chσ onǨ ev/odd (X,σ). We show that it gives a well-defined map Chσ : K ev/odd (X, σ) −→ H ev/odd (X, d − H), (1.1) 2. Preliminary notions 2.1. Twisted K-theory. In this subsection, we briefly review some basic facts about twisted K-theory, the main references are [3] , [7] , [16] and [34] . Let PU(H) denote the projective unitary group (equipped with the norm topology) of an infinite dimensional separable complex Hilbert space H and recall (cf. [25] ) that it has the homotopy type of an Eilenberg-MacLane space K(Z, 2). The classifying space BPU(H) for principal PU(H)-bundles is an Eilenberg-MacLane space K(Z, 3). Thus, the set of isomorphism classes of principal PU(H)-bundles over X is canonically identified with the space [X, K(Z, 3)] of homotopy classes of maps from X to K(Z, 3) which in turn (Proposition 2.1 in [3] ) is just H 3 (X, Z).
Much of the theory applies to locally compact, metrizable and separable spaces X, however, we will remain with the case where X is a manifold. Let P σ be a principal PU(H)-bundle over X whose classifying map σ : X → K(Z, 3), called a twisting, defines an element [σ] ∈ H 3 (X, Z). There is a well-defined conjugation action of PU(H) on the space Fred(H) of bounded Fredholm operators. Let Fred(P σ ) = P σ × PU(H) Fred(H) be the associated bundle of Fredholm operators.
Definition 2.1. If X is compact, the twisted K-group K 0 (X, σ) is defined to be the space of homotopy classes of sections of Fred(P σ ) (see [34] ). If X is locally compact, then the twisted K-group K 0 (X, σ) is defined to be the space of homotopy classes of 'compactly supported sections' of Fred(P σ ), where compactly supported means these sections take values in the invertible operators away from a compact set. If X 0 is a closed subset of X, we may define in the obvious way the relative twisted K-group K 0 (X, X 0 ; σ) = K 0 (X − X 0 , σ).
Replacing Fred(H) by the space Fred sa * of self-adjoint Fredholm operators with both positive and negative essential spectrum, we can similarly define the twisted K-group K 1 (X, σ).
Remark 2.2. In the applications we consider unbounded self adjoint Fredholm operators of the form D+A where D is a fixed unbounded self adjoint operator and A is bounded and varies. We utilise the topology on the unbounded self adjoint Fredholm operators induced by the map D + A → F D+A = (D + A)(1 + (D + A) 2 ) −1/2 [14] . This is justified for example by Theorem 8 in Appendix A of [14] which proves the estimate ||F D+A − F D || < ||A||. This estimate implies that if A varies smoothly in the uniform norm then so does F D+A and hence in this sense so does D + A.
Next we choose a local trivialization of P σ with respect to a good open cover X = i U i with transition functions given by g ij : U i ∩U j −→ PU(H) and liftsĝ ij : U i ∩U j −→ U(H), for each g ij . Then we have
, where U ijk = U i ∩ U j ∩ U k and Id is the identity operator in H.
Then an element in K 0 (X, σ) can be represented by either a continuous PU(H)-equivariant map f : P σ → Fred(H), or by a twisted family of locally defined functions
Similarly, an element in K 1 (X, σ) can be represented either by a continuous PU(H)-equivariant map f : P σ → Fred sa * , or a twisted family of locally defined functions {f i :
) be a pair of continuous maps. We need to define a map σ 1 +σ 2 from X to K(Z, 3) such that
in H 3 (X, Z). In order to define this map, we fix an isomorphism H ⊗ H ∼ = H which induces a group homomorphism U(H) × U(H) −→ U(H) whose restriction to the center is the group multiplication on U (1). So we have a group homomorphism
which defines a continuous map, denoted m * , of CW-complexes
As BPU(H) is a K(Z, 3), we may think of this as a continuous map taking
, which can be used to define
Just as in ordinary K-theory, we can define twisted K-groups K i (X, σ) for all i ∈ Z such that the twisted K-theory is a generalized cohomology theory with period 2 on the category of topological spaces equipped with a principal PU(H)-bundle. Twisted K-theory satisfies the following basic properties [3] [16] .
(1) For any proper continuous map f : X → Y there exists a natural pull-back map
(2) With a fixed isomorphism H ⊗ H → H, there is a homomorphism
for any two twistings
If X is covered by two closed subsets X 1 and X 2 , there is a Mayer-Vietoris exact sequence
where σ 1 , σ 2 and σ 12 are the restrictions of σ : X → K(Z, 3) to X 1 , X 2 and X 1 ∩ X 2 respectively.
(4) If X is covered by two open subsets U 1 and U 2 , there is a Mayer-Vietoris exact sequence
where σ 1 , σ 2 and σ 12 are the restrictions of σ : X → K(Z, 3) to U 1 , U 2 and U 1 ∩ U 2 respectively. (5) (Thom isomorphism) Let π : E → X be an oriented real vector bundle of rank k over X with the classifying map denoted by ν E : X → BSO(k), then there is a canonical isomorphism, for any twisting α : X → K(Z, 3),
with the grading shifted by k(mod 2). Here
(6) For any differentiable map f : X → Y between two smooth manifolds X and Y , there is a natural push-forward map
2.2. Geometry of bundle gerbes. In this subsection, we recall some basics of bundle gerbes and their connections and curvings from [31, 32] . First recall that associated to the central extension
there exists a so-called lifting bundle gerbe G σ [31] . This object is represented diagrammatically by
This diagram should be read as follows. Starting with π : P σ → X form the fibre product P [2] σ which is a groupoid P [2] σ = P σ × X P σ with source and range maps π 1 : (y 1 , y 2 ) → y 1 and π 2 : (y 1 , y 2 ) → y 2 . There is an obvious map from each fiber of P [2] σ to PU(H) and so we can define the fiber of G σ over a point in P [2] σ by pulling back the fibration (2.5) using this map. This endows G σ with a groupoid structure (from the multiplication in U (H)) and in fact it is a U (1)-groupoid extension of P [2] σ .
We will review the notion of a bundle gerbe connection, curving and curvature on G σ . Recall that there is an exact sequence of differential p-forms
Here P [q] σ is the q-fold fiber product of π, δ =
) is the alternating sum of pull-backs of projections, where π i is the projection map which omits the i-th point in the fibre product.
A gerbe connection on P σ is a unitary connection θ on the principal U (1)-bundle G σ over P σ which commutes with the bundle gerbe product. A bundle gerbe connection θ has curvature
satisfying δ(F θ ) = 0 and hence from the exact sequence (2.7) for p = 2, there exists a two-form ω on P σ such that
. Such an ω is called a curving for the gerbe connection θ. The choice of a curving is not unique, the ambiguity in the choice is precisely the addition of the pull-back to P σ of a two-form on X. Given a choice of curving ω we have
so that we can find a unique closed three-form on β on X, such that dω = π * β. We denote byσ = (G σ , θ, ω) the lifting bundle gerbe G σ with the connection θ and a curving We call H the normalized curvature ofσ.
Consider a good open cover U = {U i } of X such that P σ → X has trivializing sections φ i over each U i with transition functions g ij :
Note that the pair (φ i , φ j ) defines a section of P [2] σ over U i ∩ U j . The connection θ can be pulled back by (φ i , φ j ) to define a 1-form A ij on U i ∩ U j and the curving ω can be pulled-back by the φ i to define two-forms B i on U i . Then the triple
is a degree two smooth Deligne cocycle.
In our construction of the Chern character for differential twisted K-theory and in our proof of the Riemann-Roch theorem for twisted K-theory we need to work with the Deligne data defined byσ. So we recall for the reader's convenience that degree p smooth Deligne cohomology is the p-thČech hypercohomology group of the complex of sheaves on X (Cf. [11] ):
where U (1) is the sheaf of germs of smooth U (1)-valued functions on M and Ω p X is the sheaf of germs of imaginary-valued differential p-forms on X. A degree 0 smooth Deligne class is represented by a smooth map f : X → U (1). A degree 1 smooth Deligne class ξ can be represented by Hermitian line bundles with Hermitian connection.
The degree 2 Deligne cohomology group H 2 D (X) can be calculated as the cohomology of the total complex of the double complex with respect to a good cover U = {U i } of X:
which is the quotient of the abelian group of degree two Deligne cocycles by the subgroup of degree two Deligne coboundaries. Here a triple
is a Deligne cocycle if it satisfies the following cocycle condition
A degree two Deligne coboundary is a triple of the following type
The degree 2 Deligne cohomology of X classifies stable isomorphism classes of Hermitian bundle gerbes with connection and curving (see [32] ).
We conclude this subsection by noting an important consequence of the above discussion namely that the degree two Deligne class of (2.8) determined byσ = {G σ , θ, ω) is independent of the choice of locally trivializing sections of P σ and the liftingĝ ij .
Differential twisted K-theory
Recall our data: X is a compact smooth manifold, P σ is a principal PU(H) bundle over X whose classifying map is given by σ : X −→ K(Z, 3). There is a lifting bundle gerbe G σ with a bundle gerbe connection θ and a curving ω withσ = (G σ , θ, ω) denoting this triple. We refer toσ as a twisting in differential twisted K-theory. The normalized curvature of the bundle gerbe with connection and curvingσ is denoted by H. With respect to an open cover {U i } of X which trivializes P σ using local sections {φ i }, we have an associated Deligne 2-cocycle (σ ijk , A ij , B i ).
We will establish in the next subsection the existence of a differential twisted K-theory and construct its differential twisted Chern character which induces the twisted Chern character chσ :
3.1. The geometric model of differential twisted K-theory. We begin with odd twisted K-theory. Let f : P σ → Fred sa * be a PU(H) equivariant map to the bounded selfadjoint Fredholm operators with both positive and negative essential spectrum, i.e., the homotopy class of f is an element of K 1 (X, σ). We make the additional assumption that the operators f (x) have discrete spectrum (which is the case in many physics examples). This is no real limitation, since by [5] the space Fred sa * is homotopy equivalent to the subspace F sa * of operators of norm less than or equal to one and with essential spectrum ±1. Moreover the map from unbounded to bounded Fredholms
introduced earlier maps the unbounded self adjoint operators with discrete spectrum into the space F sa * . Next choose an open cover {U i }, i = 1, 2, . . . , n, of X such that on each U i there is a local section φ i : U i → P σ and for each i there is a real number λ i not in the spectrum of the operators f (φ i (x)), for all x ∈ U i . We refer to λ i as a choice of spectral cut for the family {f (φ i (x))} x∈U i . Furthermore, we can require that in each interval (λ i , λ j ) there are only finite number of eigenvalues and each with finite multiplicity using the model F sa * above and selecting the λ i 's in the open interval (−1, 1). Then over each U ij = U i ∩ U j we have a finite rank vector bundle E ij spanned by the eigenvectors of f (φ j (x)) with eigenvalues in the open interval (λ i , λ j ), with a chosen ordering λ i < λ j for i < j.
Let the transition functions be denoted by g ij :
Next we define bundle maps φ ijk : E ij → E ik over U ijk for λ i < λ j < λ k as follows. Note that f (φ j (x)) =ĝ −1 kj f (φ k (x))ĝ kj . First act byĝ kj on E ij and then use the inclusion to E ik . The vector bundle φ ijk (E ij ) can be identified as the tensor product L kj ⊗ E ij where the complex line bundle L kj over U kj comes from the lifting bundle gerbe, i.e., from the pull-back of the central extension of PU(H) with respect to the map g kj : U jk → PU(H). Thus we have
over U ijk . We call this the twisted cocycle property of families of local vector bundles {E ij }.
In the untwisted case we can identify E ji as the virtual bundle −E ij . In the twisted case we have to remember that the vector bundles are defined using the local sections attached to the second index. Therefore we identify E ji with −L ji ⊗ E ij the twist coming again from the transition function g ji relating the local sections on open sets U i , U j .
Since the vector bundles E ij are defined via projections P ij onto finite dimensional subspaces P ij H, they come equipped with a natural connection ∇ ij and we can extend the above equality (3.1) to
where A ij is the gerbe connection determined by the differential twistingσ = (G σ , θ, ω). For simplicity, we normalize B i such that the first Chern class c ij of L ij is represented by B j − B i . Remark 3.1. In the case of a trivial PU(H) bundle one has a choice of lifts such that σ ijk = 1 and actually one has a global family of Fredholm operators parametrized by points on U ij . In the untwisted case, the spectral subspaces E ij are directly parametrized by points in X and we have E ij ⊕ E jk = E ik over U ijk .
Remark 3.2.
There is an inverse map from the twisted cocycle of local vector bundles to a global object in K 1 (X, σ). To make the construction simple, we use the alternative classifying space U 1 (H) of unitary operators which differ from the unit by a trace-class operator. Any vector bundle E ij can be defined using a projection valued map P ij : U ij → L(H). We assume that the projections P ij (x) commute if the second indices are equal.
(This is automatically the case when the projections are defined from a twisted K-theory element as above.) On the overlap U ijk we requirê
this being the twisted cocycle property (3.1) of the vector bundles {E ij }. We put
where ρ i (x) = 1 is a partition of unity subordinate to the open cover {U i }. The function
Let ℓ ij be the top exterior power of E ij and n ij the rank of E ij . Then the collection of integers {n ij } is an integralČech cocycle. Furthermore,
As noted in [30] in the case when n ij is trivial, i.e., n ij = n i − n j for some locally constant integer valued functions n i , one can define
This gerbe is however defined only modulo integer powers of L since one can always shift n i → n i + n for a constant n.
In any case, we obtain from (3.2) the cocycle relation for the Chern character forms of the vector bundles involved,
where ω ij = ch(E ij , ∇ ij ) is the Chern character form of (E ij , ∇ ij ).
Denote byω ij the even differential form e B j ω ij . We have then
Applying the tic-tac-toe argument to the following twistedČech-de Rham double complex,
we obtain an odd-degree (d−H)-closed differential form Θ via the following diagram chase:
with respect to an open cover {U i }. Specifically, we can choose
over U ij , hence we obtain a globally defined odd differential form Θ such that
This globally defined odd differential form Θ is denoted by
and is called the twisted differential Chern character of f . Clearly it can depend on the choice of spectral cut {λ i } of {f •φ i } associated to local trivializing sections {φ i : U i → P σ }, and on a choice of a partition of unity {ρ i } on X subordinate to {U i }.
The next proposition explains how chσ(f, {λ i }, {ρ i }) changes if we change the choice of spectral cuts {λ i }, or the partition of unity {ρ i } on X. We can also see the dependence on PU(H)-equivariant homotopies. Proposition 3.3.
(1) Choose local trivializing sections {φ i : U i → P σ } and let {λ i } be a family of spectral cuts for {f • φ i }. Now let {ρ i } and {ρ ′ i } be a pair of partitions of unity on X subordinate to {U i }, then there exists an even differential form
(2) Let {λ i < µ i } be a pair of spectral cuts for the family {f
Proof.
(1) From the definition of the twisted differential Chern character, we have
for the spectral cut {λ i } and a partition of unity {ρ i }, and
for the spectral cut {λ i } and a partition of unity {ρ ′ i }. Their difference is given by
(2) Let E i be the vector bundle over U i , equal to the spectral subspace defined by the open interval (λ i , µ i ) in the spectrum of f (φ i (x)). Then we have
Equipped with the natural connections, we have
Hence,
Then the difference of the twisted differential Chern character form of f with respect to a pair of spectral cuts {λ i < µ i } is given by
be the finite rank vector bundle with the natural connection ∇(t) over U i ∩ U j , whose fiber at x is spanned by the eigenvectors of f (φ i (x), t) with eigen-
is a continuous family of vector bundles over U i ∩ U j with natural connections satisfying
Applying the standard Chern-Weil argument to the odd differential form chσ(f,
A differential twisted K 1 -cocycle with the twistingσ = (G σ , θ, ω) given by a lifting bundle gerbe with connection and curving is a quadruple
where f is a PU(H)-equivariant map P σ → Fred sa * , {λ i } is a spectral cut of f with respect to an open cover {U i }, {ρ i } is a partition of unity on X subordinate to {U i }, and
We introduce an equivalence relation on the set ofσ-twisted differential K 1 -cocycles, generated by the following three elementary equivalence relations (See Proposition 3.3)
(1) (f, {λ i }, {ρ i }, η 0 ) and (f, {λ i }, {ρ ′ i }, η 1 ) are equivalent if {λ i } is a spectral cut of {f • φ i } associated to local trivializing sections {φ i : U i → P σ }, and {ρ i } and {ρ ′ i } are a pair of partitions of unity on X subordinate to {U i }, with
(2) (f, {λ i }, {ρ i }, η 0 ) and (f, {µ i }, {ρ i }, η 1 ) are equivalent if {λ i } and {µ i } are a pair of spectral cuts for the family of operators {f (φ i (x))} on an open cover {U i } of X, with
Definition 3.4. The differential twisted K-theoryǨ 1 (X,σ) with a twisting given by σ = (G σ , θ, ω) is the space of equivalence classes of differential twisted
whose image consists of odd degree differential forms on X, closed under d − H. The differential Chern character induces a well-defined twisted Chern character
Proof. There is a natural forgetful mapǨ 1 (X,σ) −→ K 1 (X, σ) which sends an equivalence class of (f, {λ i }, {ρ i }, η) to a PU(H)-equivariant homotopy class of f . Proposition 3.3 says that the differential twisted Chern character map
induces the twisted Chern character homomorphism
such that the following diagram commuteš
where Ω odd 0 (X, d − H) denotes the image of the differential Chern character form homomorphism chσ :
It is easy to see that horizontal homomorphisms in the commutative diagram (3.9) are surjective. In order to study the kernel of the forgetful homomorphismǨ 1 (X,σ) −→ K 1 (X, σ), we need to introduce the even differential twisted K-theoryǨ 0 (X,σ) and its differential Chern character. We can define a differential twisted K 0 -cocycle to be a S 1 -family of differential twisted K 1 -cocycles which passes through a differential twisted K 1 -cocycle that defines the zero element inǨ 1 (X,σ). Then we have the following commutative diagramǨ
where Ω ev 0 (X, d − H) denotes the image of the differential Chern character homomorphism 
such that the following diagram commutes
Proof. There is an exact sequence
is mapped to a differential twisted K 1 -class given by
Here F is a PU(H)-equivariant map from P σ to an orbit of the adjoint action of U(H) through a fixed grading operator in H such that both eigenspaces are infinite dimensional. Note that (F, {0}, {1}, η) is equivalent to (F, {0}, {1}, 0) if and only if η is a differential twisted Chern character form, modulo
This gives rise to the exact sequence (3.11). The verification of the commutative diagram (3.12) is straightforward. 
Remark 3.8. We point out that commutative diagrams (3.12) and (3.15) of exact sequences are joined together by two interlocking six-term exact sequences
In [35] , an analogue of the above interlocking commutative diagram in ordinary differential cohomology is called the Character Diagram.
3.2. Classifying space of twisted K-theory. In this subsection, we will give a universal model of twisted K-theory. We start with the even case. As a model for the classifying space of K 0 we first choose Fred, the space of all bounded Fredholm operators in an infinite dimensional separable complex Hilbert space H. Consider the twisted product
where the group PU(H) acts on the group GL(∞), of operators that are invertible and 1+ finite rank, by conjugation. Thus the product in G is given by
A principal G-bundle over X, locally trivial with respect to an open cover {U i }, is defined by transition functions (g ij , f ij ) : U i ∩ U i −→ G satisfying the usual cocycle condition which encodes both the cocycle relation for the transition functions {g ij } of the PU(H) bundle over X and the twisted cocycle relation for
which is independent of the choice of the liftingĝ ij of g ij to U(H).
Next we construct a universal G bundle E over the classifying space BG = E/G. The total space is just the Cartesian product E = P × Q, where P is the total space of a universal PU(H) bundle over the base K(Z, 3) and Q is the total space of a universal GL(∞) bundle over the base Fred (0) , the index zero component of the classifying space of K 0 . The total space of Q is the set of pairs (q, w) with q a parametrix of a index zero Fredholm operator w. This space is contractible. This follows from the observation that the pairs can be parametrized by (q, t) with w = (1 + t)q −1 and t is an arbitrary finite rank operator, q an arbitrary invertible operator. The right action of GL(∞) is given by (q, w) · a = (qa, w) and is free. The right action of (g, a) ∈ G on E is defined by
where w is a Fredholm operator with parametrix q. It is easy to see that the action is free, because PU(H) acts freely on the first component and the second component involves right multiplication of the invertible operator q by the group element a ∈ GL(∞). Now we can establish a model for the classifying space for even twisted K-theory. 
can be identified with the set of homotopy classes of maps X → BG covering the map σ.
Proof. Let f : P σ → Fred be a PU(H)-equivariant family of Fredholm operators. We can select an open cover {U i } of X such that on each U i there is a local section φ i : U i → P σ and for each i the index zero Fredholm operators f (φ i (x)), x ∈ U i have a gap in the spectrum at some λ i = 0. Then over U i we have a finite rank vector bundle E i defined by the spectral projection f (φ i (x)) 2 < λ 2 i . As usual the transition functions are g ji : U ji → PU(H) with φ i (x) = φ j (x)g ji (x) and the liftsĝ ij of g ij to U(H) satisfyĝ ijĝjkĝki = σ ijk Id on triple intersections with σ ijk taking values in U (1).
We may assume that E i is a trivial vector bundle over U i of rank n i by passing to a finer cover if necessary. Choosing a trivialization of E i gives a Z 2 graded parametrix q i (x) (an inverse up to finite rank operators) for each f (φ i (x)), x ∈ U i . The operator q i (x) −1 is defined as the direct sum of the restriction of f (φ i (x)) to the orthogonal complement of E i in H and an isomorphism between the vector bundles E
For x ∈ U ij we have a pair of parametrices q i (x) and q j (x) for f (φ i (x)) and f (φ j (x)) respectively. These are related by an invertible operator f ij (x) of type 1+ finite rank and
The conjugation on the left hand side byĝ ij comes from the equivariance relation
The system {f ij } does not quite satisfy theČech cocycle relation because of the different local sections φ i : U i → P σ involved. Instead, we have on U ijk g jk q kĝ
Using the relationĝ jkĝ 
which is independent of the choice of the liftingĝ ij . We may think of (3.16) as defining an untwisted cocycle relation for {(g ij , f ij )} in the twisted product G = PU(H) ⋉ GL(∞), In summary, this cocycle {(g ij , f ij )} defines a principal G bundle over X whose classifying map is a continuous map X → BG. A homotopic PU(H)-equivariant family of Fredholm operators gives rise to a homotopic classifying map X → BG.
Remark 3.10. The base space BG is a fiber bundle over K(Z, 3). The projection is defined by ξ ((p, (q, w) 
where π : P → K (Z, 3) is the projection. The fiber ξ −1 (z) at z ∈ K(Z, 3) is isomorphic (but not canonically so) to the space Fred of Fredholm operators; to set up the isomorphism one needs a choice of element p in the fiber π −1 (z). Thus a section of the bundle BG over K(Z, 3) is the same thing as a PU(H) equivariant map γ from P to Fred. We use the notation K 0 (K(Z, 3), P) for the twisted K-group of K(Z, 3) with P being thought of as the twist. Then γ is defining an element of K 0 (K(Z, 3), P). This latter group is not known (and of course the same is true for the odd twisted K-group of K (Z, 3) ). The case of ordinary K-theory on the Eilenberg-MacLane space K(Z, 3) is already complicated, but it is known that it is given by the integral cohomology of the space K(Q, 3), (Cf. [1] ).
The twisted Chern character on K 0 (X, σ) can also be constructed by choosing a connection ∇ on a principal G bundle over X associated to the cocycle {(g ij , f ij }. Locally, on a trivializing open cover {U i } of X, we can lift the connection to a connection taking values in the Lie algebraĝ of the central extension U (H)× GL(∞) of G. Denote byF ∇ the curvature of this connection. On the overlaps U ij the curvature satisfies a twisted relation
where c is the curvature of the canonical connection θ on the principal U (1)-bundle
U(H) → PU(H).
Since the Lie algebra u(∞) ⊕ C is an ideal in the Lie algebra of U (H) × GL(∞), the projection F ′ ∇,i of the curvatureF ∇,i onto this subalgebra transforms in the same way asF under change of local trivialization. It follows that for a PU(H)-equivariant map f : P σ → Fred, we can define a twisted Chern character form of f as chσ(f, ∇) = e B i tr e
Here the trace is well-defined on gl(∞) and on the center C it is defined as the coefficient of the unit operator. Note that chσ(f, ∇) is globally defined and (d − H)-closed
and depends on the differential twistingσ = (G σ , θ, ω), and a choice of a connection ∇ on a principal G bundle over X. We now give a short description of the classifying space in odd twisted K-theory. First let H = H + ⊕ H − be a decomposition into isomorphic subspaces. Operators on H can be written as two by two matrices of operators with respect to this decomposition. The group U res = U res (H) is the group of unitary operators in H with Hilbert-Schmidt off-diagonal blocks (for more on this definition see [33] ). In the non-twisted case an element of K 1 (X) is given by a homotopy class of maps X → U (∞). Since U (∞) is the base space of a universal U res bundle, this is the same thing as giving an equivalence class of U res (H) bundles over X.
Remark 3.11. The universal U res bundle Q can be constructed as follows. By Bott periodicity, U res is homotopy equivalent [33] to the group ΩU (∞) of smooth based loops in U (∞). The universal ΩU (∞) bundle Q over U (∞) is simply the space of smooth paths f : [0, 1] → U (∞) with f (0) = 1 and f −1 df periodic. The right action of ΩU (∞) on Q is just the pointwise multiplication of paths, see Appendix 2 in [13] .
A U res bundle over X can be given in terms of local transition functions φ ij : U ij → U res . Next we need to twist this construction by the transition functions g ij of the PU(H) bundle over X. In the odd case for any g ∈ PU(H) we had an automorphism Aut g of U (∞) given by a conjugation by any unitary operator covering g ∈ PU(H). In the case of U res we have to be a little more careful since conjugation by a unitary operator is not in general an automorphism of U res . However, we recall that U res is a classifying space for even Ktheory and is homotopy equivalent to the space of bounded Fredholm operators in any separable infinite dimensional Hilbert space. Actually, the homotopy equivalence is given explicitly as the map g → a, where
, [41] . The block a is always a Fredholm operator and one can construct a homotopy inverse to this map. This gives directly the right way to define automorphisms of U res by elements of PU(H + ), compatible with automorphisms of the space of Fredholm operators: For any g ∈ PU(H + ) one selectsĝ ∈ U(H + ) and considers this as a unitary operator in H by
Thus, in the same way as in the even case, we can think of an element in the twisted K-theory group K 1 (X, σ) defined by transition functions h ij : U ij → H, where H is the group
. More precisely, using the concrete realization of the universal U res bundle in Remark 3.11, we can choose local sections q i : U i → Q by choosing for each x ∈ U i a path q i (x) in U (∞) joining the neutral element to the end point f (φ i (x)), where we have taken f as the equivariant function on P σ taking values in the model U (∞) for the classifying space Fred sa * of odd K-theory. On the intersection U ij we then havê
where f ij (x) is an element of the loop group ΩU (∞), which by the Remark gives an element in U res . From this transformation rule we obtain the group multiplication law above for the transition functions h ij = (g ij , f ij ) taking values in the group H.
As in the even case, one can check that the classifying space BH is a fiber bundle over the base K(Z, 3) with Fred sa * (or equivalently, U (∞)) as the fiber. It is written as BH = P × PU(H + ) Fred sa * , where now P is the universal PU(H + ) bundle over K(Z, 3). Theorem 3.12. Given a principal PU(H + )-bundle P σ over X defined by σ : X → K (Z, 3), the odd twisted K-group K 1 (X, σ) is the set of homotopy classes of maps X → BH covering the map σ.
Example 3.13. Let E be a real Euclidean vector bundle of rank 2n over X. Then there is a lifting bundle gerbe G W 3 (E) over X, called the Spin bundle gerbe, associated to the frame bundle SO(E) and the flat U (1)-bundle over SO(2n):
Choose a local trivialization of E over an open cover {U i } of X. Then the transition functions
define an element in H 1 (X, SO(2n)) whose image under the Bockstein exact sequence
is the second Stieffel-Whitney class w 2 (E) of E. The corresponding PU(H)-bundle is defined by the following twisting
where ν E is the classifying map of E and W 3 is the classifying map of the principal
Note that the Spin bundle gerbe can be equipped with a flat connection and trivial curving. Denote also by w 2 (E) the corresponding bundle gerbe with a flat connection and a trivial curving. With respect to a good cover {U i } of X the differential twisting w 2 (E) defines a Deligne cocycle (σ ijk , 0, 0) with trivial local B-fields, here σ ijk =ĝ ijĝjkĝki wherê g ij : U ij → Spin c (2n) is a lift of g ij .
A differential twisted K-class inǨ 0 (X, w 2 (E)) can be represented by a Clifford bundle, denoted E, equipped with a Clifford connection, where E is also equipped with a SO(2n)-connection. Locally, over each U i we let E| U i ∼ = S i ⊗ E i where S i is the local fundamental spinor bundle associated to E| U i with the standard Clifford action of Cliff(E| U i ) obtained from the fundamental representation of Spin(2n). Then E i is a complex vector bundle over U i with a connection ∇ i such that
Hence, our construction of a differential Chern character implies that the twisted Chern character
If E is equipped with a Spin c structure whose determinant line bundle is L, there is a canonical isomorphism
where S E is the associated spinor bundle of E. Then we have
If X is an even dimensional Riemannian manifold, and T X is equipped with the LeviCivita connection, we can identify K 0 (X, W 3 (E)) with the Grothendieck group of Clifford modules, denoted K 0 (X, Cliff (T X)), of the bundle of Clifford algebras Cliff (T X). Then
where ch(E/S) is the relative Chern character of the Clifford module E constructed in Section 4.1 of [6] . In particular, if X is equipped with a Spin c structure (Cf. [26] ), let its canonical class be c 1 , and its complex spinor bundle associated to the fundamental representation of Spin c (2n) be S(X). Then any Clifford module E can be written as V ⊗ S(X), whose twisted Chern character is given by 
Riemann-Roch theorem in twisted K-theory
A smooth map f : X → Y is called K-oriented if T X ⊕ f * T Y is equipped with a Spin c structure which is determined by a choice of c 1 ∈ H 2 (X, Z) such that
The push-forward map f
, also called the Gysin homomorphism in K-theory, is well-defined, here d(f ) = (dim Y − dim X) mod 2. The Riemann-Roch theorem (Cf. [2] ) is given by the following formula
where a ∈ K * (X), and f H * is the Gysin homomorphism in ordinary cohomology theory, Ch is the Chern character for ordinary complex K-theory,Â(X) andÂ(Y ) are the A-hat classes (which can be expressed in terms of the Pontrjagin classes) of X and Y respectively.
Let
In [16] , we showed that there is a natural push-forward map (2.4)
associated to any differentiable map f : X → Y and any σ : Y → K(Z, 3). The pushforward map is constructed by choosing a closed embedding ι : X → Y × R such that f = π • ι where π is the projection. The push-forward is functorial in the sense that
where the push-forward map π K ! is given by the Bott periodicity of twisted K-theory. So we may assume that f : X → Y is a closed embedding and X and Y are equipped with compatible Riemannian metrics. K(Z, 3) (the classifying map for P σ ). We do this in two stages, represented by Theorems 4.1 and 4.4. Theorem 4.1 is a special case (that we need in this paper) which we will prove by a method that may be easily modified to give the general case (Theorem 4.3). Recall the notationσ = (G σ , θ, ω) for a differential twisting and H for the normalized curvature ofσ. We use w 2 (f ) to denote the Spin bundle gerbe with a trivial connection and a trivial curving on X associated to the normal bundle N f of the embedding f (Cf. Example 3.13).
In this
We first assume that f : X → Y is K-oriented, that is, the normal bundle N f ∼ = f * T Y /T X of f is equipped with a Spin c structure. Under this assumption, we have the following Riemann-Roch theorem in twisted K-theory for a K-oriented embedding f : X → Y and [f * σ] = 0. For simplicity, we assume that dim Y − dim X = 0 mod 2, otherwise, we can replace Y by Y × R. 
Proof. Choose a local trivialization of P σ which defines a degree two Deligne cocycle (σ ijk , A ij , B i ) on Y associated toσ with respect to an open cover {U i } and transition functions g ij :
Here ν f is the classifying map of the normal bundle of f , W 3 is the classifying map of the principal BU (1)-bundle BSpin c (2n) → BSO(2n) and η is a homotopy between W 3 • ν f and σ • f . The homotopy commutative diagram (4.2) and the Spin c structure on N f define a trivialization of f * P σ given by a section ψ : X → f * P σ . With respect to the induced open cover from {U i } and the trivialization of f * P σ , the transition functions {g ij } can be written as
Then the pull-back differential twist f * σ defines a degree 2 Deligne cocycle
Given a twisted K-class in K 0 (X, f * σ), represented by a locally defined map ψ i :Ũ i →
Fred(H), we have
where ch is the ordinary Chern character form of ψ. Hence we have established the existence of the following commutative diagram relating the ordinary Chern character on K 0 (X) and the twisted Chern character on K 0 (X, f * σ) respectively 
For the open embedding ι : N f → Y , the twisted Chern characters commute with the push-forward map ι K ! , so the following diagram commutes 
which is not commutative. Here the Gysin homomorphism o ! is the Thom isomorphism. The non-commutativity of (4.6) is described by the following formula
for any a ∈ K 0 (X) where the homomorphism o H ! on twisted cohomology theory is o
The Gysin homomorphism f H ! in twisted cohomology theory is given by ι H ! • o H ! . The commutative diagrams (4.3), (4.4), (4.5) and the formula (4.7) imply that
for any a ∈ K 0 (X, f * σ). Here we have applied the identityÂ(N f ) = ι * Â (Y ).
Remark 4.2. In ordinary K-theory, for a closed embedding f : X → Y whose normal bundle is equipped with a Spin c structure c 1 (f ), then f is −c 1 (f )-oriented as in [2] , and Theorem 4.1 agrees with the Atiyah-Hirzebruch's Riemann-Roch theorem. 
The equality (4.8) follows from our construction of the twisted Chern character form and the differential version of the diagrams (4.3), (4.4), (4.5) and the formula (4.7).
The proof of Theorem 4.1 and arguments in Example 3.13 can be adapted to give the following general Riemann-Roch theorem in twisted K-theory. We leave the proof to dedicated readers. 
Applications
In this Section, we apply our differential twisted K-theory and Riemann-Roch theorem to investigate twisted K-theory of simply connected simple Lie groups. From the result of Douglas ([17] ) and Braun ([10] ), we know that the twisted K-theory of a simply connected simple Lie group of rank n is an exterior algebra on (n−1) generators tensor a cyclic group. The order of the cyclic group can be described in terms of the dimensions of irreducible representations of G. So the twisted Chern characters are all zero for the twisted K-theory of a simply connected simple Lie group. We will apply twisted Chern character forms to study these torsion elements in twisted K-theory.
Let G be a simply connected compact simple Lie group of rank n and T be a maximal torus of G. The sets of simple roots and fundamental weights of G with respect to T are denoted by
respectively. Let k denote the twisting G → K(Z, 3) corresponding to the integer k in H 3 (G, Z) ∼ = Z with the corresponding PU(H) bundle P k .
In [15] , a canonical trivialization of the associated bundle gerbe G k over certain conjugacy classes in G is constructed. Those conjugacy classes are diffeomorphic to G/T , called symmetric D-branes in [8] , [18] , [19] , [23] and labeled by dominant weights of level k. For each simple root α i , the corresponding subgroup SU (2) α i intersects with these D-branes at S 2 α i , which splits SU (2) α i into two 3-dimensional balls D , and the two trivializations on G/T differ by a line bundle L kλ i whose first Chern class is given by kλ i ∈ H 2 (G/T ). We have the following Mayer-Vietoris sequence
where the map K 0 (C
. This implies that the push-forward map
for any vector bundle E over G/T . Choose a gerbe connection and a curving on P k to get a differential twistingǩ whose normalized curvature is H. As the twisted Chern characters are zero on K * (G, k), we see that
which is a subgroup of differential twisted K-theoryǨ(G,ǩ) by Theorems 3.6 and 3.7, under a homomorphism sending [f ] to an element [f, η] ∈Ǩ(G,ǩ) such that chǩ(f ) = −(d − H)η. Therefore, the differential twisted Chern character of ι K ! (E), for a complex vector bundle E over G/T , has the form (d − H)η(E) for some differential form η(E). Then we have
where c G (k) is the cyclic order of K dim G (G, k) .
As G/T is a complex manifold, the normal bundle of G/T in G has a canonical Spin c structure, we have the following integral version of our Riemann-Roch Theorem 4.1 (Cf. Remark 4.3)
where Td(G/T ) is the Todd class of G/T . Hence, we obtain
for i = 1, · · · , n. In particular, let E be a trivial line bundle, then we have the following relations
for i = 1, · · · , n, where the left hand side is the dimension of the irreducible representation of G with highest weight kλ i . We can repeat the above arguments by attaching 3-dimensional cells along various S 2 α i simultaneously and we obtain the following general relations
the irreducible representation of G with highest weight kλ i 1 + kλ i 2 + · · · + kλ im , then we have the following identities relating the cyclic order of
5.1. The SU (2) case. In this subsection X = SU (2) = S 3 . It is sufficient to consider an open cover U 0 , U 1 consisting of slightly extended hemispheres with an intersection homotopic to S 2 . In this case it was shown in [34] that K 1 (SU (2), k) ∼ = Z k , and the cyclic order agrees with the relation given by (5.5).
In the twisted cocycle of vector bundles we have now only a single element
with no condition on the vector bundle. The only topological information are the rank n 01 of the vector bundle (which could be negative for formal differences of vector bundles) and the total degree on U 01 , which corresponds to an integer m times the Chern class of the basic complex line bundle on S 2 , represented by the first Chern form
The Chern character form of (E 01 , ∇ 01 ) modulo the Chern character of
where L 01 is a complex line bundle on the intersection of degree k, is then equal to Z k since both E 0 and E 1 is trivial and they are characterized by the ranks n 0 , n 1 . This is actually just the standard argument using the Mayer-Vietoris sequence for two open sets. Choosing a partition of unity ρ 0 , ρ 1 subordinate to the open cover U i and forms B i with
on the overlap U 01 = U 0 ∩ U 1 , where H 0 is the normalized volume form on SU (2) = S 3 , we obtain the the (d − H)-exact form on SU (2) representing the twisted Chern differential character form Θ,
10 + B 0 n 10 )]
10 + n 10 dρ 1 ∧ B 0 . on U 0 , and
01 + n 01 dρ 0 ∧ B 1 . on U 1 . Note that n 01 = −n 10 , dρ 0 + dρ 1 = 0 and ω [2] 10 + B 0 n 10 = −(ω [2] 01 + B 1 n 01 ) imply that Θ 0 = Θ 1 on U 01 . As H odd (X, d − H) = 0, we know that
for a globally defined even form (η [0] + η [2] ), called a twisted eta potential. We will show that these twisted eta potentials are localized to certain conjugacy classes such that
using the Riemann-Roch theorem in twisted K-theory (Theorem 4.1). A Fredholm operator realization of the twisted K-theory classes in K 1 (SU (2), k) is obtained from the family of hamiltonians in a supersymmetric Wess-Zumino-Witten model, [29] . Actually in this case all the classes can be realized as equivariant twisted K-theory classes, equivariant under the conjugation action of SU (2) on itself. We recall some basic properties of the Fredholm family from [30] , [21] .
We have self-adjoint Fredholm operators Q A in a fixed Hilbert space H parametrized by SU (2) connections A (termed 'vector potentials' in the physics literature) on the unit circle S 1 . These transform equivariantly under gauge transformations,
where g is an element of the loop group LG,ĝ is a projective representation of the loop group in H, i.e., a representation of the standard central extension of level k, and A g = g −1 Ag + g −1 dg is the gauge transformed vector potential.
Let p : A → G be the canonical projection from the space of vector potentials on the circle to the group of holonomies around the circle; the fiber of this projection is the group of based loops ΩG ⊂ LG. The spectrum of Q A depends only on the projection p(A) ∈ G, by the equivariance property.
For certain A the operators Q A have kernels. Those A for which this is true are such that p(A) is a conjugacy class C j , the so called 'D-brane', in G. The physics terminology is to say that the zero modes of the family are localised in C j .
The conjugacy class is diffeomorphic to the sphere S 2 given by
where h = e For the later example it is worth noticing here that under the map p : A → G, the conjugacy classes correspond to coadjoint orbits in the Lie algebra of the central extension of the loop algebra; the space of vector potentials on the circle is the (non-centrally extended) loop algebra, the coadjoint action corresponds to the gauge action on A.
If we consider a non-zero eigenvalue λ of Q A we can still conclude from the continuity of the family Q A as a function of A that for sufficiently small values of |λ| the eigenvectors corresponding to this eigenvalue are localized at a 2-sphere close to the 2-sphere C j defined by the zero modes and the eigenvectors corresponding to λ form a complex line bundle of winding number 2j + 1. Thus if we fix a small real number 0 < ǫ the spectral subspace −ǫ < Q A < ǫ is a complex line in a tubular neighborhoodC j of C j .
the intersection U − ∩ U + consists ofC j and two contractible components D ± (upper and lower hemispheres in S 3 ). In this case we have only one spectral vector bundle E −+ which is the extension of L j to the tubular neighborhoodC j and a trivial line bundle on the remaining components D ± of U − ∩ U + . The constraint 0 < 2j + 1 < k is compatible with the known result K 1 (SU (2), k) = Z/kZ. The construction gives a realization for all elements except the neutral element in K 1 (SU (2), k). The neutral element can then be obtained for example as the sum of classes corresponding to 2j + 1 = 1 and 2j + 1 = k − 1. Write the normalized curvature H ofǩ as kH 0 , where H 0 represents the basic 3-form on SU (2). As the twisted cohomology H odd (SU (2), d − kH 0 ) = 0, instead we study the differential twisted Chern character form by applying the Riemann-Roch theory (Theorem 4.1). Hence, the twisted eta potential distinguishes the twisted K-classes in K 1 (SU (2), k).
By (5.2), we have

5.2.
The SU (3) case. As the final example we study the odd K-group K 1 (SU (3), k). We need a representation of the twisted affine Lie algebra A
2 . Here the twist refers to an outer automorphism τ of su(3 ) with τ 2 = 1. Then this algebra is defined as a central extension of the subalgebra L τ G consisting of smooth maps g : [0, π] → su(3) such that g(π) = τ (g(0) ). In the case of SU (3) we can take τ to be given by complex conjugation of matrices. This automorphism of the Lie algebra integrates to an automorphism of the group SU (3), again given by complex conjugation.
The loop algebra of SO (3) is clearly a subalgebra of L τ G and the central extension of the former on level k is obtained as a restriction of the central extension of level k of the latter.
The gauge conjugation action sending Q A →ĝ −1 Q Aĝ = Q A g is now given by the coadjoint right action A → A g where the 'vector potential' A is an element in the dual L τ su(3)
* . The coadjoint orbits have been analyzed in [38] and are shown to be equal to the so called twisted conjugacy classes in SU (3). Recall that in this terminology a twisted conjugacy class C(h) corresponding to h ∈ SU (3) is defined as C(h) = {ghτ (g) −1 |g ∈ SU (3)}.
The general formula for the (twisted) conjugacy class corresponding to the zero modes of the operators Q A is h = exp [−2π(λ ∨ + ρ ∨ )/k] where ρ is half the sum of positive roots of the Lie algebra of constant gauge transformations (which in this case is so(3)) and λ is the highest weight of an irreducible so(3) representation, [21] . Here λ ∨ ∈ h is the dual of a weight λ ∈ h * , the duality is determined by the Killing form. Note also that the level k ≥ κ, where κ is the dual Coxeter number (in the case of SU (n) this number is equal to n). The reason for this is that in the Wess-Zumino-Witten model construction k = k ′ + κ where k ′ is the level of an arbitrary irreducible loop group representation and the shift κ comes from a loop group representation constructed from the Clifford algebra of the loop group.
As shown in [36] the twisted conjugacy classes C x defined by h(x) = exp 2xρ ∨ define a foliation of SU ( When x = 0 the twisted conjugacy class can be identified as the 5-dimensional space M 5 = SU (3)/SO(3), when x = π/4 it is S 5 = SU (3)/SU (2) whereas for 0 < x < π/4 we obtain the 'seven brane' M 7 = SU (3)/SO(2). The class defined by the zero modes of Q A is the generic orbit M 7 corresponding to the parameter value x = (2j + 1)/k, where 2j = 0, 1, 2 . . . k − 3, the shift by 3 coming from the dual Coxeter number of SU (3). In the case of the twisted loop algebra A (2) 2 we have an additional constraint: The spin j is integer when k − 3 is even and j is a half-integer when k − 3 is odd.
The degree of the zero mode line bundle is computed as in the SU (2) case. The zero modes are localized in the finite-dimensional vacuum subspace of the Hilbert space H j,k which carries a representation j ⊗ 1/2 of so(3). (In general, the zero mode bundle has rank equal to the multiplicity of the representation ρ inside of the spin representation of the Clifford algebra of the group of constant loops; here however the Clifford algebra representation is two dimensional and at the same time the irreducible fundamental representation of the Lie algebra so(3).) When x = (2j + 1)/k the complex line is spanned by the highest weight vector v j+1/2 of so(3) weight j + 1/2, [21] . The zero mode bundle is then the associated line bundle L = SU (3) × 2j+1 C, defined by the principal bundle SO(2) → SU (3) → M 7 through the one dimensional representation of SO (2) with character 2j + 1. In particular, for even k the spin j is a half-integer and thus the degree of the zero mode bundle is even. This is in accordance with the known result K 1 (SU (3), k) = Z/(k/2)Z for even k. Twisted K 1 is a rank one module over the untwisted K 0 (SU (3)), tensoring with any of the elements in K 1 (SU (3), k) gives only even elements in Z k .
In the case when k is odd, the degree of the zero mode bundle is also odd and the tensor product operation K 0 (SU (3)) × K 1 (SU (3), k) → K 1 (SU (3), k), gives both the even and odd elements in Z k .
The eta forms detect the twisted K-theory classes in a similar way as in the case of SU (2) . In the present setting we have nonzero eta forms in even degrees up to form degree six. However, they do not contain independent information since for any fixed level k the only parameter is the twisting of the line bundle L which is given by the integer 2j + 1. To determine this integer from the differential data one proceeds as in the case of SU (2) above. Consider the subgroup SU (2) ⊂ SU (3) given by the the matrices with +1 on the diagonal in the lower right corner. The intersection of SU (2) = S 3 with the orbit M 7 is a union of two spheres S 2 a and S 2 b . The reason for this is that the points h(x) and h(−x) are conjugate to each other by the twisted action of g = diag(1, −1, −1) which lies outside of SU (2); one can see easily that h(±x) are not conjugate by elements of SU (2) and their union is M 7 ∩ SU (2). So the differential twisted Chern character form is given by (d − H)(η [0] + · · · + η [6] ).
Picking up the component of form degree 3 we get SU (2)
= 2(2j + 1) mod c G (k), the factor 2 coming from the integration of c 1 over the two distinct 2-spheres. Thus again, we get SU (2)
